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Abstract
It is known that the linearly polarized photons can partly transform
to circularly polarized ones via forward Compton scattering in a back-
ground such as the external magnetic field or noncommutative space time.
Based on this fact we explore the effects of the NC-background on the
scattering of a linearly polarized laser beam from an intense beam of
charged leptons. We show that for a muon/electron beam flux ε¯µ,e ∼
1012/1010 TeV cm−2 sec−1 and a linearly polarized laser beam with en-
ergy k0 ∼1 eV and average power P¯laser ≃1 MW, the generation rate of
circularly polarized photons is about RV ∼ 10
4/sec for Noncommutative
energy scale ΛNC ∼ 10TeV. This is fairly large and can grow for more
intense beams in near future.
1rmohammadi@ipm.ir
1 INTRODUCTION
The Compton scattering is one of the most important scattering in physics par-
ticularly in the cosmology, astrophysics and astro-particle physics. Although
this scattering can be the main source to generate a linear polarized wave, it
cannot generate circular polarized wave. In fact, there is no many ways to gen-
erate circular polarization in a scattering process in the QED. Therefore, any
experiment including the measurement of circular polarization can provide a
way to understand more accurately the physics of scattering. It is shown that
in the presence of a background field such as Noncommutativity (NC) in space-
time or external magnetic field, the generation of circular polarization by the
Compton scattering is possible [1]. Meanwhile, it is recently shown that the
photons of a linearly polarized laser beam can acquire circular or B-mode lin-
ear polarization by scattering off active neutrinos via a parity violation process.
This phenomenon can possibly be used to understand the nature of neutrinos
(Dirac or Majorana), to detect the fluxes of Cosmic Neutrino Background [2]
and to gain some insight into the physics of active and light sterile neutrino oscil-
lations [3]. Here we would like to consider NC-space as a nontrivial background
to explore the polarization of photons in the Compton scattering. The NC field
theory and its phenomenological aspects have been considered for many years
without any sign in nature [4]. The NC space-time which is predicted in the
string theory should have a scale ΛNC of the order of the Planck scale. Never-
theless, it is believed that ΛNC like the other new physics scales may has some
impact at the TeV scale. However, the null results mean that the parameter
of noncommutativity, if exist, is minuscule. In fact, to find the NC effects one
should consider those processes in which such effects can be enhanced. To this
end we consider those experiments which are based on the laser technologies. As
in the Compton scattering in the NC-space the photons with the linear polar-
ization transform partly to circularly polarized photons with a rate proportional
to the NC-parameter, number of photons per pulse and the flux of fermions, one
expects the enhancement of the rate of generation of the circular polarization
with the intensities. Usually intense laser beams are designed for a wide-ranging
experimental program in fundamental physics and advanced applications such
as the interaction of super high intensity light with matter, fast ignition fu-
sion research, photon induced nuclear reactions, electron and ion acceleration
by light waves, astrophysics in the laboratory and the exploration of the exotic
world of plasma dominated by relativity. Some of the important laser beams
are: X-ray free-electron laser (XFEL) facilities [5], optical high-intensity laser
facilities such as Vulcan [6], peta-watt laser beam [7] and ELI [8], as well as
SLAC E144 using nonlinear Compton scattering [9].
In this work, we consider the forward Compton scattering through the colli-
sion of photons in a laser beam with an intense and high energy muon/electron
beam in the noncommutative space to examine the generation of circular po-
larization. Consequently, we calculate the generation rate of the circularly po-
larized photons R
V
to explore the possibility of discovering the NC effects in
different energy scales. It is clear to obtain a large value for R
V
to be measur-
able in lab, one needs intense muon/electron and laser beams. Therefore, an
accelerator that can produce ultra-intense beams of muons and even electrons
provides opportunities to discover the NC effect.
In Sec.II we review the Stokes parameters and Boltzmann equation for-
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malism. In Sec. III the Noncommutative standard model (NCSM) is briefly
explained and the time evolution of the Stokes parameters related to the Comp-
ton scattering in NCSM is discussed. In Sec. IV we study the effect of space-time
Noncommutativity on the collision of a laser beam with an ultra-intense beam
of muon/electron. In Sec.V we give an estimation on the generation rate of the
circular polarization in such interactions. In Sec.VI some concluding remarks
are given.
2 Stokes parameters and Boltzmann equation
Laser beam polarization can be characterized by four known Stokes parameters
which are I the total intensity of the beam, Q and U the linear polarization
of the radiation and V the difference between positive and negative circular
polarization. Moreover, the density operator of an ensemble of photons in terms
of the Stokes parameters is defined as follows
ρˆ =
1
tr(ρˆ)
∫
d3k
(2π)3
ρij(k)Dij(k), ρ =
1
2
(
I +Q U − iV
U + iV I −Q
)
, (1)
where
I = ρ11 + ρ22, (2)
Q = ρ11 − ρ22, (3)
U = ρ12 + ρ21, (4)
V = i(ρ12 − ρ21). (5)
ρij(k) is the general density-matrix which is related to the photon number
operator D0ij(k) ≡ a†i (k)aj(k) where a†i (k) and aj(k) are photon creation and
annihilation operators. The expectation value of the number operator is defined
as
〈D0ij(k) 〉 ≡ tr[ρˆD0ij(k)] = (2π)3δ3(0)(2k0)ρij(k). (6)
The time evolution of the operatorD0ij(k), considered in the Heisenberg picture,
is
d
dt
D0ij(k) = i[H,D
0
ij(k)], (7)
here H is the full Hamiltonian. Meanwhile, the time evolution equation for the
density matrix up to the first order of the interacting Hamiltonian H0I (t) for
photons can be written as
(2π)3δ3(0)(2k0)
d
dt
ρij(k) = i〈
[
H0I (t);D
0
ij(k)
]〉
− 1
2
∫
dt〈[H0I (t); [H0I (0);D0ij(k)]]〉, (8)
where the first term on the right-hand side is a forward scattering term, and the
second one is a higher order collision term, usual scattering cross section. The
leading-order interacting Hamiltonian for photon-charged fermion is generally
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given by [10]
H0I =
∫
dqdq′dpdp′(2π)3δ3(q′ + p′ − p− q)
× exp[it(q′0 + p′0 − q0 − p0)]
[
b†r′a
†
s′(M)asbr
]
, (9)
where M is the amplitude of scattering matrix, b†r′(k) and br(k) are charged
fermion creation and annihilation operators and dq ≡ d3q(2π)3
mf
q0
and dp ≡
d3p
(2π)32p0 , with the same relations for dq
′ and dp′, respectively.
The operator expectation values are given as a function of number density
of fermions per unit volume, nf(q), where q denotes the momentum of fermions
[10]. Then the energy density and pressure of fermions are defined as
ǫf (x) = gf
∫
d3q
(2π)3
q0 nf (x,q) , Pf = gf
∫
d3q
(2π)3
|q|2
3 q0
nf (x,q), (10)
with gf shows the number of spin states or degrees of freedom.
3 Time evolution of Stokes parameters vs NC
Forward photon-fermion scattering
In this section we explore the time evolution of the Stokes parameters via the
forward photon-fermion scattering in the NC standard model. The noncommu-
tative version of standard model is introduced by two different approaches. In
the first approach which is based on the ”Seiberg-Witten” maps, the symme-
try group, number of gauge fields and particles are the same as the ordinary
standard model [11]. Meanwhile, in the second approach the gauge group is
U(3) × U(2) × U(1) which can be reduced to the standard model gauge group
through appropriate symmetry breaking [12, 13]. Here we follow the first ap-
proach to do our calculations.
In the both versions of the noncommutative standard model, the ordinary
coordinates convert to the noncommutative operators with a canonical form as
[xˆµ, xˆν ] = iθµν ∝ i
1
Λ2NC
, (11)
where θµν is the parameter of noncommutativity and ΛNC =
1√
|θµν |
is the
noncommutative scale of energy. Also in the both version, Moyal-star product
realization of the algebra are considered. The noncommutative parameter, θµν ,
can be usually divided into two parts: the time-space component θ0i and the
space-space component θij where i, j, k = 1, 2, 3. The NC scale for the space-
space and the time-space parts can be defined as [14]:
θ0i =
1
Λ2TS
wˆi, θij =
1
2 Λ2SS
ǫijk vˆk. (12)
where wi and vi refer to fixed direction in space. Although the time-space
component of the NC parameter has some problems with the unitarity, the
3
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Figure 1: Compton scattering in NC standard model
quantum mechanics can become unitary in some cases for the time-like part of
NC-parameter too [15, 16].
In the both approaches besides the corrections on the usual vertices new
couplings also appear in comparison with the ordinary standard model.
Using the NCSM based on the first approach [17], photon and charged
fermion scattering can be described, up to the lowest order, by Feynman di-
agrams given in Fig(1). Now we are ready to examine the time evolution of the
Stokes parameters for photon-fermion scattering in NCQED. It can be shown
that the last diagram has not any contribution to the time derivative of circular
polarization [18]. For the remaining diagrams given in Fig(1) and using (9) one
can find:
i
〈
[H0I (0),Dij(k)]
〉
= −e
2Q2f
2
(2π)3 δ3(0)
∫
dq nf (x,q)(δisρs′j(k)− δjs′ρis(k))
×u¯r(q){ 1
4k · q
[
q.θ.ǫs′(k)
(
k/ (q/ + k/+mf )ǫs/ (k) + ǫs/ (k)(q/ − k/+mf )k/
)
+q.θ.ǫs(k)
(
ǫs′/ (k)(q/ + k/ +mf)k/ + k/ (q/ − k/+mf )ǫs′/ (k)
)]
+
[
ǫs′(k) · θ · ǫs(k) k/ − k · θ · ǫs(k) ǫs′/ (k)+ k · θ · ǫs′(k) ǫs/ (k)
]
}ur(q). (13)
and consequently one has
d
dt
V (k) = − ie
2Q2f
4 mf k0
∫
dq nf (x,q)
[(
q · θ · ǫ1 q · ǫ1 − q · θ · ǫ2 q · ǫ2
)
U(k) (14)
−
(
q · θ · ǫ2 q · ǫ1 + q · θ · ǫ1 q · ǫ2
)
Q(k)
]
.
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Using the matrix elements of the density operator, the time variation of V in
NC space can be cast into:
V˙ (k) = i
3
4
σT
α k0
m2e
Λ2
ǫ¯f
gf
(CQ +DU), (15)
where
C = −ǫijk qˆivˆk
(
ǫ1j qˆ · ε2 + ǫ2j qˆ · ε1
)
,
D = ǫijk qˆi vˆk
(
ǫ1j qˆ · ε1 − ǫ2j qˆ · ε2
)
, (16)
and qˆ = ~q|q| is the direction of fermion beam, me is the mass of electron, σ
T is
the Thomson cross section, α = e2/4π and ǫ¯f is the energy density of fermion
beam.
In the laboratory frame, we set the laser-photon momentum k in the zˆ-
direction (the direction of incident laser beam), then the polarization vectors
are defined as:
ε1(k) = xˆ, ε2(k) = yˆ. (17)
We may also consider the direction of muon beam, qˆ in the x − z plane, qˆ =
sinθiˆ+ cosθkˆ, then for the space-like component of noncommutative parameter
one has
∆φ =
∆V
2Q
≃ 3
8
σT
α k0
m2e
Λ2NC
ǫ¯f(x, q¯)
gf
∆t (
sin2θ
2
− sin2θ) vˆ.zˆ
≈ 4.3× 10−36cm2
(
1 TeV
ΛNC
)2(
ǫ¯f (x, q¯)
k0
)
∆t (
sin2θ
2
− sin2θ), (18)
where ∆t is the time interval of the laser beam interacting with the charged
lepton beam.
4 Charged lepton beams
In the previous section we found how the circular polarization of photons de-
pend on the beam parameters in the NC-space. Before calculating the Faraday
conversion in fermion-photon scattering we briefly introduce the present avail-
able charged lepton beams. The charged particles suffering energy lost as the
synchrotron radiation during the acceleration. However, for a particle with
mass m and beam energy E in circular motion with radius R, the energy loss
per revolution is given by ∆E ∝ 1
R
(E
m
)4 which is smaller for a larger radius or
for a more massive particle. Therefore, accelerating the electron as the lightest
charged particle to very high energy is a difficult task in the circular collider.
In the LEP experiment, electrons were accelerated up to E = 100 GeV [19].
Meanwhile, in a linear collider such as an International Linear Collider(ILC)
one can reach to higher energies about E = 1TeV or even more.
Furthermore, in laser-plasma accelerators, electron can be accelerated to
energies from hundreds of MeV [20–22] to multi-GeV energies [23, 24].
Muon as the 2nd lightest charged particle in nature but not stable, is almost
200 times more massive than the electron. In fact, the muon mean lifetime is
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very short about ∼ 2.2 µs, but enough to provide an intense beam which can be
accelerated to high energy. However, pion decay can be usually used as a source
for the muon production via π+ → µ+ + νµ and π− → µ− + ν¯µ. Meanwhile,
colliding high energy protons with nuclei produce pions through interactions
such as: p + p → p + n + π+ and p+ n → n + n+ π+ for the proton energies
more than 400 MeV and the double pion production in p+p→ p+p+π++π− at
the larger energies. According to the momentum of the generated muon beam
they are called ”decay muon beam” or ”surface muon beam”. The first type
of muon beam is about 80 percent polarized and have momentum from 40 to
several hundreds of MeV/c. Such muon beams are available at PSI, TRIUMF, J-
PARC 2 and RIKEN-RAL. The second one is often known as surface or Arizona
beam [25] that is 100 percent polarized and monochromatic and has kinetic
energy 4.1 MeV. Such muon beams are available at PSI 3, TRIUMF, J-PARC,
ISIS and RIKEN-RAL.
Besides, very low energy muon beams (ultra slow muons with energy at eV-
KeV range) can be generated by reducing the energy of an Arizona beam [26]
which is available in the PSI while the High-intensity low-energy muon beam is
developing in J-PARC. Recently a multi-TeV Muon Collider, so called ”Muon
accelerator program” (MAP), has been planed. The purpose of this program
is to develop the concepts and technologies required for the Muon Collider and
Neutrino Factories [27].
5 Faraday conversion in Photon-Fermion beam
interaction on NC space-time
For a typical muon beam with the number of muon per bunch ∼ 1012, the
energy range E¯µ ≈ |q¯| ∼ 1GeV − 1TeV, the size of beam in the interaction
region ∼ 1cm and the bunch length about ∼ 1cm, one can estimate an average
energy of flux per bunch as
ε¯µ(x, q¯) ≈ |q¯|nµ(x, q¯)c ∼ 1012TeV/(cm2s). (19)
This type of muon beam has an angle divergence about θdiv ∼ mµ/Eµ which is
negligible in the high energy muon beam accelerator which is the case for ex-
ample in the MAP experiment [27]. To find the Faraday conversion for instance
in Photon-Muon beams interaction we have for the interacting spot a spatial
interval ∆d ∼ 2R0 + d.θdiv ∼ 1cm where d is the distance between muon beam
and interaction spot with laser beam and a temporal interval of the order of
∆t ≈ ∆d/c ∼ 10−10 sec. Therefore, for a laser beam with energy of photons
about k0 ∼ 1eV the Eq.(18) for the conversion ∆φ
∣∣∣
µB
leads to
∆φ
∣∣∣
µB
≈ 10−22
(
1 TeV
ΛNC
)2 ( ε¯µ
1012TeVcm−2s−1
)( ∆t
10−10 s
)(
eV
k0
)
sin2 θ, (20)
where sin2 θ ∼ 1 when the laser beam is perpendicular to the muon beam. What
is found in Eq.(20) is the conversion for one interaction. However, the conversion
2Japan Proton Accelerator Research Complex
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can be enhanced by multiple interaction of the laser beam with muons which
can be usually provided by a setup of suitable mirrors. If we suppose the mirrors
have reasonable absorption coefficient about Ca ∼ 10−5, the intensity of linearly
polarized laser beam Q reduces to Q → Q(1 − Ca) for each reflection. If we
assume each laser pulse in its path can interact N -times with the muon beams,
the maximum value ofN can be estimate as
∑
n=0(1−Ca)n ≈ 1Ca [2]. Therefore,
Eq.(20) for the N -times reflections leads to
∆φ
∣∣∣
µB
≈ 10−17
(
1 TeV
ΛNC
)2 ( ε¯µ
1012 TeVcm−2s−1
)( ∆t
10−10s
)(
eV
k0
)(
10−5
Ca
)
. (21)
The Faraday conversion phase shift of a linearly polarized laser beam due
to its interaction with the muon beam for different values of ΛNC is given in
Tab.(1). Meanwhile, one can use Eq.(21) with appropriate changes for the other
Table 1: ∆φ
∣
∣
∣
µB
for linearly polarized laser beam due to its interaction with muon
beam for different values of ΛNC .
Eµ(TeV ) ΛNC(TeV ) k0(eV ) ∆φµB
1 1
1 ∼ 10−17
0.1 ∼ 10−16
1 10
1 ∼ 10−19
0.1 ∼ 10−18
1 100
1 ∼ 10−21
0.1 ∼ 10−20
charged fermions. For instance, for the electron one can consider the appropriate
parameters from the LEP experiment [19] in which the number of electrons per
bunch is about ∼ 1011 locating at energies E¯e ≈ |q¯| ∼ 100GeV, where the
size of beam in interaction region and bunch length are both about ∼ 1cm.
Therefore, the mean energy of flux of the electron beam can be estimated as
ε¯e ∼ 1010TeVcm−2s−1 which cast Eq.(21) into
∆φ
∣∣∣
eB
≈ 10−19
(
1 TeV
ΛNC
)2 ( ε¯e
1010TeVcm−2s−1
)( ∆t
10−10s
)(
eV
k0
)(
10−5
Ca
)
. (22)
In this case the values of ∆φ
∣∣∣
eB
for different values of ΛNC in interaction of
linearly polarized laser beam and the electron beam can be obtained which is
given in Tab.(2).
6 Generation Rate of circular polarization
In the previous section the Faraday conversion has been found to be at most
10−17 in the case of muons. Although this value seems to be small we show that
can be large enough for the rate of generating circular polarization for the laser
beam interacting with the muon/electron beam. To this end, we use Eq.(18) in
which ∆V (k) represents the number of generated circularly polarized photons
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Table 2: ∆φ
∣
∣
∣
eB
for laser beam due to its interaction with electron beam for different
values of ΛNC .
Ee(GeV ) ΛNC(TeV ) k0(eV ) ∆φeB
100 1
1 ∼ 10−19
0.1 ∼ 10−18
100 10
1 ∼ 10−21
0.1 ∼ 10−20
100 100
1 ∼ 10−23
0.1 ∼ 10−22
with energy |k| = k0 ∼ 1eV per unit area (cm2) per unit time (s) for each laser
pulse. The rate of the circular polarization generation for photons in the laser
beam can be estimated as follows
R
V
≈
(
∆V
k0
)
σlaser fpulse τpulse, (23)
where σlaser is the laser-beam size which is smaller than the charged lepton beam
size ∆d and represents the effective area of photon-charged lepton interaction,
τpulse is the time duration of a laser pulse and fpulse the laser repetition rate is
the number of laser pulses per second. To have more efficiency, we assume that
the laser and charged lepton beams are synchronized and the fpulse is equal
to fbunch the repetition rate of beam which is the number of charged lepton
bunches per second. Therefore, one can easily find the value of R
V
as follows
R
V
≃ 10−16fpulseNγ
(
1 TeV
ΛNC
)2 ( ε¯µ
1012 TeVcm−2s−1
)( ∆t
10−10s
)(
eV
k0
)(
10−5
Ca
)
, (24)
where Nγ is the number of photons per pulse which can be obtained as
Nγ =
Q(k)
k0
σlaser τpulse =
εpulse
k0
, (25)
and the total energy of a laser pulse εpulse = Q(k)σlaser τpulse. Furthermore,
the averaged power of a linearly polarized laser beam is approximately given by
P¯laser = fpulse εpulse which cast Eq. (24) for muon into
R
V
∣∣∣
µB
≃ 10−16 P¯laser
k0
(
1 TeV
ΛNC
)2 ( ε¯µ
1012 TeVcm−2s−1
)( ∆t
10−10s
)(
eV
k0
)(
10−5
Ca
)
. (26)
In fact, for a muon beam with ε¯µ ∼ 1012TeV cm−2 s−1, ΛNC = 1TeV and
a linearly polarized laser beam of energy k0 ∼ 1eV and the average power
P¯laser ≃ 30 W , the generation rate of the circularly polarized photons is about
R
V
∣∣∣
µB
∼ 104/s(∼ 3 × 1011/year). This rate seems to be large enough to be
measured experimentally. The generation rates of the circular polarized photons
R
V
∣∣∣
µB
for different values of noncommutative scale are given in Tab.(3).
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Table 3: The generation rate of circular polarization due to muon and laser beams
interaction for different values of ΛNC .
Eµ (TeV) ΛNC(TeV ) RV (1/s) P¯laser(KW)
1 1 ∼ 104 ∼ 10−2
1 10 ∼ 104 ∼ 1
1 100 ∼ 104 ∼ 102
We can also give an estimation on the generation rate of the circular polar-
ization due to the electron and laser beam interaction R
V
∣∣∣
eB
as follows
R
V
∣∣∣
eB
≃ 10−18 P¯laser
k0
(
1 TeV
ΛNC
)2 ( ε¯e
1010TeV cm−2s−1
)( ∆t
10−10s
)(
eV
k0
)(
10−5
Ca
)
. (27)
To obtain the rateR
V
∣∣∣
eB
≃ 104/sec for an electron beam with ε¯e ≃ 1010TeV cm−2s−1
and ΛNC = 1TeV , a laser beam with average P¯ ∼ 10−3MW is needed which
seems to be available in the near future with the present laser technologies [28].
Nevertheless, the generation rate of circular polarized photons due to the elec-
tron and laser beams interaction for different values of noncommutative scale
and the laser average power is given in Tab.(4).
Table 4: The generation rates of the circular polarization due to electron and laser
beams interaction for different values of ΛNC .
Ee(GeV ) ΛNC(TeV ) RV (1/s) P¯laser(MW)
100 1 ∼ 104 ∼ 10−3
100 10 ∼ 104 ∼ 10−1
100 100 ∼ 104 ∼ 10
7 Conclusion
We have considered the interaction of photons in an intense linearly polarized
laser beam with ultra intense beams of muon and electron in the NC space
time in the NCQED framework. Consequently, we have obtained the Faraday
conversion phase shift ∆φ and the generation rate R
V
of the circularly polar-
ized photons in the interaction with muon/electron beam which are given in
Eqs.(21),(22) and Eqs.(26),(27), respectively. We have discussed the possibility
of using advanced laser and muon/electron beams to probe the noncommuta-
tive effects in such processes even for the NC scale as large as 10TeV with the
available present technologies. In fact, for a muon/electron beam with a flux
intensity of ε¯µ,e ∼ 1012/1010TeV cm−2 sec−1 and a linearly polarized laser beam
of energy k0 ∼ 1eV and an average power P¯laser ≃ 1 MW, the rate of generating
of circularly polarized photons is about R
V
∼ 104/sec for a noncommutative
energy scale about ΛNC ∼ 10TeV [see Tabs.(1),(2) for ∆φ and Tabs.(3),(4) for
9
R
V
]. This rate seems to be large enough to be measured experimentally in near
future.
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